Abstract. Let X be a Banach space and (f n ) n be a bounded sequence in L 1 (X). We prove a complemented version of the celebrated Talagrand's dichotomy i.e we show that if (e n ) n denotes the unit vector basis of c 0 , there exists a sequence g n ∈ conv(f n , f n+1 , . . . ) such that for almost every ω, either the sequence (g n (ω) ⊗ e n ) is weakly Cauchy in X ⊗ π c 0 or it is equivalent to the unit vector basis of ℓ 1 . We then get a criterion for a bounded sequence to contain a subsequence equivalent to a complemented copy of ℓ 1 in L 1 (X). As an application, we show that for a Banach space X, the space L 1 (X) has Pe lczyński's property (V * ) if and only if X does.
INTRODUCTION
Let X be a Banach space and (Ω, Σ, λ) be a finite measure space. If 1 ≤ p < ∞, we denote by L p (λ, X) the Banach space of all (class of) X-valued p-Bochner integrable functions with its usual norm. If E and F are Banach spaces, we denote by E ⊗ π F the projective tensor product of E and F . We will say that a sequence (x n ) n is equivalent to a complemented copy of ℓ 1 if (x n ) n is equivalent to the unit vector basis of ℓ 1 and its closed linear span is complemented in X.
One of the many important problems in the theory of Banach spaces is to recognize different structure of subspaces of a given space. In this paper, we will be mainly conserned with sequences in the Bochner space L 1 (λ, X) that are equivalent to a complemented copy of ℓ 1 . Let us recall that in [16] , Talagrand proved a fundamental theorem characterizing weakly Cauchy sequences and sequences that are equivalent to the unit vector basis of ℓ 1 in main goal is to provide a complemented version of Talagrand's result. One way one might tackle this problem is to consider for a given (f n ) n in L 1 (λ, X), the corresponding sequence (f n ⊗ e n ) n in L 1 (λ, X) ⊗ π c 0 (which can be viewed as the Bochner space L 1 (λ, X ⊗ π c 0 )),
where (e n ) n is the unit vector basis of c 0 . The basic motivation behind this approach is the well known fact that a bounded sequence (x n ) n in a Banach space X contains a subsequence equivalent to a complemented copy of ℓ 1 if and only if the sequence (x n ⊗e n ) n is not a weakly null sequence in X ⊗ π c 0 . Therefore the behavior of the sequence (f n ⊗ e n ) n will determine whether or not the sequence (f n ) n has a subsequence equivalent to a complemented copy of ℓ 1 .
As in [16] , we try to relate the sequence (f n ⊗ e n ) n to its values (f n (ω) ⊗ e n ) n in X ⊗ π c 0 to see how a particular structure of the space X can be carried on to the Bochner space L 1 (λ, X).
The main result of this paper is the following extension of Talagrand' s theorem: Let (f n ) n be a bounded sequence in L 1 (λ, X), then there exists a sequence g n ∈ conv(f n , f n+1 , . . . )
such that (g n (ω) ⊗ e n ) n is either weakly Cauchy or equivalent to the unit vector basis of ℓ 1 .
We follow a line of reasoning similar to that of Talagrand ([16] ). Our main focus is to carry out all the steps in such a way that the convex combination is taken only on the sequence (f n ) n not on the sequence (f n ⊗ e n ) n .
In Section 3., we apply our main theorem for the study of property (V * ) introduced by Pe lczyński in [12] . The most notable examples of Banach spaces that have property (V * ) are L 1 -spaces and it is a natural question to ask for what Banach spaces X the space L 1 (λ, X) has property (V * ). The most one could hope for is that L 1 (λ, X) has property (V * ) if and only if X does. This question was studied by several authors. Partial results can be found in [1] , [7] , [14] and more recently in [10] . We present a complete positive answer to this question (see Theorem 2 below).
Our notation and terminology are standard and can be found in [4] and [5] .
COMPLEMENTED VERSION OF TALAGRAND'S THEOREM.
By way of motivation, let us begin with the following well known proposition that justifies our approach. The word operator will always mean linear bounded operator and L(X , Y)
will stand for the Banach space of all operators from X to Y . (ii) There exists an operator T ∈ L(X , ℓ ∞ ) such that T x n , e n ≥ 1 for all n ∈ N.
Using the fact that the space L(X , ℓ ∞ ) is the dual of X ⊗ π c 0 , condition (ii) of Proposition 1 can be restated as:
( * ) There exists T ∈ (X ⊗ π c 0 ) * such that T, x n ⊗ e n ≥ 1 for all n ∈ N. Now (*) implies that the sequence (x n ⊗ e n ) n is not a weakly null sequence. So the problem of whether or not (x n ) n is equivalent to a complemented copy of ℓ 1 in X is reduced to the study of weak convergence of (x n ⊗ e n ) n in X ⊗ π c 0 .
The following result is our main criterion for determining if a given sequence in a Bochner space has a subsequence that is equivalent to a complemented copy of ℓ 1 .
Theorem 1. Let X be a Banach space and (Ω, Σ, λ) be a probability space. Let (f n ) n be a bounded sequence in L 1 (λ, X). Then there exist a sequence g n ∈ conv(f n , f n+1 , . . . ) and two measurable subsets C and L of Ω with λ(C ∪ L) = 1 such that:
(a) for ω ∈ C, the sequence (g n (ω) ⊗ e n ) n is weakly Cauchy in the space X ⊗ π c 0 .
The proof uses many (if not all) ideas from Talagrand's theorem so we recommend that the reader should get familiar to its proof first before reading our extension. However because of the complexity of the proof of Talagrand's theorem, we decided to present all critical details.
Using similar argument as in [6] , we can assume without loss of generality that the sequence
For convenience, we will use the following notation:
(i) For two sequences (g n ) n and (f n ) n , we write (g n ) ≪ (f n ) if there exists k ∈ N so that ∀n ≥ k, g n ∈ conv(f n , f n+1 , . . . ) and by passing to a subsequence (if necessary), we will always assume that there exist two sequences of integers (p n ) and (q n ) n such that
(ii) For a Banach space Y , we denote by Y 1 the closed unit ball of Y .
Case 1: The Banach space X is separable;
If the space X is separable, so is the space X ⊗ π c 0 and therefore
* endowed with the weak * -topology is compact metrizable.
Let us now consider (U n ) n a countable basis for the weak * -topology on L(X , ℓ ∞ ) ∞ .
Following Talagrand [16] , we denote by K the set of all (weak * ) compact sets of L(X , ℓ ∞ ) ∞ and we say that a map ω → K(ω) from Ω to K is measurable if for each n ∈ N, the set {ω ∈ Ω; K(ω) ∩ U n = ∅} is measurable.
As in [16] , we will make use of the following elementary lemma:
We are now ready to begin the proof of the Theorem.
Let ω → K(ω) from Ω to K be a measurable map and V be a weak * -open subset of
Let g n = qn i=pn λ i f i be the representation of g n as block convex combination of the f n 's.
We set:
Notice that the definition of g n depends on the representation of g n as block convex combination of the f n 's. It is clear that ||g n || ∞ ≤ 1 and we claim that g n is measurable. To see this notice that for each k ∈ N, the map ω → sup{ T, g n (ω) ⊗ e k , T ∈ V ∩ K(ω)} was already proved to be measurable by Talagrand so the claim follows.
Proof. The proof is done more or less the same as in [16] ; let g 1 n = f n and construct by induction sequences g p = (g p n ) such that for p ≥ 1, one has
By Lemma 1., there is a sequence (g n ) such that g ≪ g p for each p ∈ N; in particular g ≪ u.
Let h ≪ g . We claim that θ(h) = θ(g). To see the claim write
and by taking the limsup, we get that θ(h) ≤ θ(g).
In the other hand we have for each p ∈ N,
We claim that θ(g) = lim n→∞ h n for the weak * -topology in L ∞ (λ): for that let φ be a cluster point of (h n ) n . Since θ(h) = lim sup n→∞ h n ≤ θ(g), one has φ ≤ θ(g). Moreover if we choose
a.e but for any n ∈ N, the above estimate shows that:
which shows that θ(g) = φ a.e and the claim is proved.
To conclude the proof of the lemma, notice that
and lim n→∞ h n (ω) dλ(ω) = θ(g)(ω) dλ(ω) so we get that lim n→∞ ||h n − θ(g)|| 1 = 0 and the lemma is proved.
In a similar fashion we set for g n (ω) = qn i=pn λ i f i a block convex combination of f n 's
We have the corresponding lemma:
We are now ready to present the main construction of the proof. Let us fix a < b and let τ be the first uncountable ordinal. Set h
will construct (as in [16] ) sequences h α = (h α n ), and measurable maps K α : Ω → K with the following properties:
For α < τ and h ≪ f (say h n = bn i=an λ i f i a representation of (h n ) n as a block convex combination of (f n ) n ) we define:
then for each α of the form β + 1 and each h ≪ h α , we have lim
If α is limit, we set
If α = β + 1, we have
The construction is done by induction. Suppose that the construction has been done for each ordinal β < α. If α is limit, we set K α (ω) = β<α K β (ω). Let β n be an increasing sequence of ordinals with α = sup β n . By Lemma 1, there exists (
satisfied. The construction is done in the case of limit ordinal.
Suppose now that α = β + 1. Using Lemma 2. and Lemma 3., one can construct a
and we claim that (h α ) satisfy (6) . To see the claim let us
and the claim is proved.
Define now K α (ω) by (8) . The measurability of K α (.) can be proved using similar argument as in [16] . The construction is complete.
Claim: There exists α < τ such that K α (ω) = K α+1 (ω) for a.e. ω ∈ Ω.
In fact if we set for each
Clearly λ(C ∪M) = 1 and for the rest of the proof we set h n = qn i=pn λ i f i be a representation of (h n ) n as block convex combunation of (f n ) n . We have the following property of the measurable subset C:
Consider S : c 0 −→ c 0 defined as follows: Se bn = e n ∀n ∈ N and Se j = 0 for j = b n . The operator S is trivially linear and ||S|| = 1. Since
is a least ordinal β for which S * • T / ∈ K β (ω). The ordinal β cannot be a limit so β = γ + 1
and
The lemma is proved.
For the set M, we have the following lemma:
There exists a subsequence (n(i)) of the integers so that for almost every ω ∈ M,
Proof. Again we adopt the methods in [16] to our situation. Let us denote by F the set of finite sequences of zeroes and ones. For s ∈ F , we will denote by |s| the length of s. For s = (s 1 , . . . , s n ) and r = (r 1 , . . . , r m ) with n ≤ m, we say that s < r if s i = r i for i ≤ n. We will construct two sequences of integers n(i), m(i), measurable sets B i ⊂ M and measurable maps Q(s, .) : M → N such that the following conditions are satisfied:
∀s ∈ F, sup{Q(s, ω); ω ∈ M} < ∞; (10)
For s, r ∈ F, s < r, and ω ∈
Again the construction is done by induction. Before doing so we need the following notation:
Let n ∈ N, j ∈ N and α < τ . Fix m ≥ n, the following notation will be used.
n,j,α (ω) a.e and h n,j,α (ω) = lim
there exists an integer n(1) such that if we set
n(1),0,α (ω) a.e and h n(1),0,α (ω) = lim m→∞ h (m) n(1),0,α (ω) a.e, there exists an integer m(1) > q n(1) such that if we set
Now for ω ∈ B ′ 1 , we have:
and inf q n(1) ≤k≤m (1) inf{ T (h n (1) (ω) ), e k , T ∈ K α (ω)} < a.
For each x ∈ X, the maps T → sup q n(1) ≤k≤m (1) T x, e k and T → inf q n(1) ≤k≤m (1) T x, e k are continuous so the sets
are open subsets. By a standard techniques one can choose measurable maps Q 0 (.) and Q 1 (.)
There exists an integer l such that if
The required conditions (9)- (14) are satisfied.
Suppose now that the result has been proved for i. Let l = sup{Q(s, ω), |s| = i, ω ∈ B i }.
We deduce as in the case i = 1 that there is an integer n(i + 1) such that q n(i+1) > m(i) and the set
Using similar argument as in the case i = 1, one can pick an integer m(i + 1) > q n(i+1) so that the set
For ω ∈ B ′ i+1 , one has in particular for s ∈ F , |s| = i:
It follows that for s ∈ F , |s| = i, there exist measurable maps Q 0 (s, .) and Q 1 (s, .) from M to N suth that
There exists an integer l ′ such that if we let
The construction is done by setting
Let L = 
By (9), the sequence k(i) is increasing so there exists an operator S : c 0 −→ c 0 of norm one such that Se i = e k(i) and it is now clear that:
And the claim follows from Rosenthal's argument in [13] (see also [4] P.205). The lemma is proved.
Remark . Let u ≪ (h n(i) ) i∈N . Using the same argument as above, one can show that there exists a subsequence (v i ) i of (u i ) i such that (v i (ω) ⊗ e i ) i is equivalent to the ℓ 1 basis in X ⊗c 0 for a.e ω ∈ L.
To complete the proof of the theorem, let (a(k), b(k)) be an enumeration of all pairs of rational numbers with a < b. By induction we construct sequences g k and measurable sets C k , L k satisfying the following:
Let g 0 = f , the steps above shows that one can find g 1 ≪ f , measurable subsets C 1 and -(iv) are satisfied.
It is clear that λ(C ∪ L) = 1 and g n ≪ g k n for each k ∈ N; in particular g n ≪ f n . For ω ∈ C, we have (g n (ω) ⊗ e n ) n is weakly Cauchy. In fact since g n ≪ g k n , Lemma 4 asserts that for each T ∈ L(X , ℓ ∞ )
by Lemma 5, (g n (ω) ⊗ e n ) n≥m is equivalent to the unit vector basis of ℓ 1 for some m ∈ N. The proof of Theorem 1 is complete for the separable case. Let (f n ) n∈N be a bounded sequence in L 1 (λ, X). Since each f n has (essentially) separable range, there exists a separable subspace X 0 of X such that for a.e ω ∈ Ω, f n (ω) ∈ X 0 . Let Z be a separable subspace as in the above lemma.
so by case 1, there exist g n ∈ conv(f n , f n+1 , . . . ), measurable subsets C and L of Ω with λ(C ∪ L) = 1 such that for ω ∈ C, the sequence (g n (ω) ⊗ e n ) n is weakly Cauchy in Z ⊗ π c 0 and for ω ∈ L, the sequence (g n (ω) ⊗ e n ) n is equivalent to the ℓ 1 basis in Z ⊗ π c 0 .
We claim that the same conclusion holds if we replace Z ⊗ π c 0 by X ⊗ π c 0 . In fact if ω ∈ C and T ∈ L(X , ℓ
Hence lim n→∞ T, g n (ω) ⊗ e n exists so the sequence (g n (ω) ⊗ e n ) n is weakly Cauchy in X ⊗ π c 0 .
Now for ω ∈ L, let (a n ) n be a finite sequence of scalars. We have:
for some δ > 0. So the sequence (g n (ω) ⊗ e n ) n is equivalent to the ℓ 1 basis in X ⊗ π c 0 . The theorem is proved. for weak * -scalarly measurable functions.
APPLICATIONS: PROPERTY (V
x n in X is said to be a Weakly Unconditionally Cauchy (W.U.C.) if for every x * ∈ X * , the series
There are many criteria for a series to be a W.U.C. series (see for instance [4] or [17] ). In his fundamental paper [12] , Pe lczyński proved the following proposition:
Proposition 2. For a Banach space X, the following assertions are equivalent: ¿From a result of Emmanuele [7] (see also Godefroy and Saab [8] ), one can deduce the following characterization of spaces that have property (V * ).
Proposition 3. A Banach space X has property (V * ) if and only if X is weakly sequentially
complete and given any sequence (x n ) n in X that is equivalent to the unit vector basis of ℓ 1 , there exists an operator T :
The above proposition shows in particular that a Banach space X has property (V * ) if and only if X is weakly sequentially complete and every sequence that is equivalent to the unit vector basis of ℓ 1 has a subsequence equivalent to a complemented copy of ℓ 1 .
In this section we will concentrate on property (V * ) and we shall refer the reader to [2] and [12] for more on property (V).
In [14] , Saab and Saab showed (see Proposition 3. of [14] ) that a Banach space with the separable complementation property has property (V Proof. Since property (V * ) is easily seen to be stable by subspaces, one implication is immediate.
For the converse, we will use the result of Heinrich and Mankiewicz stated in Lemma 6 above.
Assume that every separable subspace of X has property (V * ). The space X is trivially weakly sequentially complete. Let K be a bounded subset of X that is not relatively weakly compact. There exists a sequence (x n ) n in K that is equivalent to the unit vector basis of ℓ 1 in X and let X 0 = span{x n ; n ∈ N}. The space X 0 is separable and consider Z as in Lemma 6. Since Z is separable, by assumption it has property (V * ) and therefore there exists a W.U.C. series
k , x n > 0 which shows that K is not a (V * )-set.
We are now ready to present the main theorem of this section.
Let E be a Banach lattice with weak unit. By the classical representation (see [11] ), there exists a probability space (Ω, Σ, λ) such that L ∞ (λ) ⊂ E ⊂ L 1 (λ) with E being an ideal and the inclusion being continuous.
Define E(X) to be the space of (class of) measurable map f : Ω → X so that the
endowed with the norm ||f || = ||V (f )|| E is a Banach space.
We have the following stability result: Proof. If E(X) has property (V * ), then the space X has property (V * ) since property (V *  ) is stable by subspace.
Conversely, assume that X has property (V * ). By Proposition 5., we can assume without loss of generalities that E and X are separable. By the classical representation, there exists a probability space (
Since X is weakly sequentially complete, the space E(X) is weakly sequentially complete (see [16] ).
Let (f n ) n be a bounded sequence in E(X) that is equivalent to the unit vector basis of
) so we will assume that (f n ) n is uniformly integrable.
By Talagrand's theorem, there exists a sequence g n ∈ conv(f n , f n+1 , . . . ) and a measurable
subset Ω ′ of Ω, with λ(Ω ′ ) > 0 and such that for each ω ∈ Ω ′ , there exists k ∈ N so that (g n (ω) n≥k is equivalent to the unit vector basis of ℓ 1 in X. Define
Applying Theorem 1. to the sequence (ϕ n ) n , there exist C and L measurable subsets of Ω with λ(C ∪ L) = 1 and a sequence ψ n ∈ conv(ϕ n , ϕ n+1 , . . . ) so that
(1) for ω ∈ C, (ψ n (ω) ⊗ e n ) n is weakly Cauchy in X ⊗ π c 0 ;
(2) for ω ∈ L, there exists k ∈ N so that (ψ n (ω) ⊗ e n ) n≥k is equivalent to the unit vector basis of ℓ 1 in X ⊗ π c 0 .
It is clear (see for instance [16] ) that the sequence (ψ n ⊗ e n ) n is equivalent to the ℓ 1 basis in
and by identification, the sequence (ψ n ⊗ e n ) n is equivalent to the ℓ 1 basis in L 1 (λ, X) ⊗ π c 0 so it cannot be a weakly null sequence. Therefore the sequence (ψ n ) n contains a subsequence that is equivalent to a complemented copy of ℓ 1 in L 1 (λ, X). Now since the inclusion map from E(X) into L 1 (λ, X) is continious, the sequence (ψ n ) n contains a subsequence that is equivalent to a complemented copy of ℓ 1 in E(X). As a consequence, the set {ψ n ; n ≤ 1} ( and hence {ϕ n ; n ≥ 1}) is not a (V * )-set which implies of course that the set {f n , n ≥ 1} is not a (V * )-set.
Case 2: Assume that λ(L) = 0.
Since λ(C ∪ L) = 1 we have λ(C) = 1. Note that for each ω ∈ Ω ′ , the sequence (g n (ω)) n≥k is equivalent to the unit vector basis of the ℓ 1 for some k ∈ N. Now since ψ n (ω) ∈ conv(g n (ω), g n+1 (ω), . . . ), (ψ n (ω)) n≥k is equivalent to the unit vector basis of ℓ 1 and since X has property (V * ), the sequence (ψ(ω)) n≥k contains a subsequence equivalent to a complemented copy of ℓ 1 and therefore the sequence (ψ n (ω) ⊗ e n ) n cannot be a weakly null sequence in X ⊗ π c 0 . In the other hand (ψ n (ω) ⊗ e n ) n is weakly Cauchy (by the def-
), e n > 0. Now we shall choose the operator above measurably using the following proposition. We need few steps to prove the proposition.
Notice first that since X is separable so is the space X ⊗ π c 0 and therefore the unit ball of its dual L(X , ℓ ∞ ) ∞ is compact metrizable for the weak * -topology (in particular it is a Polish space). The space L(X , ℓ ∞ ) ∞ × (X ⊗ π ⌋ ′ ) N with the product topology is a Polish space and let A be a subset of L(X , ℓ ∞ ) ∞ × (X ⊗ π ⌋ ′ ) N defined as follows:
The set A is trivially an Borel subset of L(X , ℓ
N be the 2nd projection; the operator Π is of course continuous and therefore Π(A) is analytic. By Theorem 8.5.3 of [3] , there is a universally measurable map Θ : Π(A) → L(X , ℓ ∞ ) ∞ such that the graph of Θ is a subset of A. Notice also that for ω ∈ Ω ′ , we have by the above argument that the sequence (ψ n (ω) ⊗ e n ) n belongs to Π(A). Now we define T as follows:
The map T is the composition of a universally measurable map Θ and the λ-measurable map ω → (ψ n (ω) ⊗ e n ) n so it is measurable for the weak * -topology. Now for any x ∈ X, the map ω → T (ω)x is a ℓ 1 -valued map and is weak * -scalarly measurable and since ℓ 1 is a separable dual, it is norm-measurable. Now for ω ∈ Ω ′ , we get that T (ω), (ψ n (ω) ⊗ e n ) n ∈ A which by the definition of A is equivalent to: lim n→∞ T (ω)(ψ n (ω)), e n > 0 and the proposition is proved. //
To finish the proof of the theorem, let γ(ω) = lim n→∞ T (ω) (ψ n (ω)) , e n . The map ω → γ(ω)
is measurable and for each ω ∈ Ω ′ , γ(ω) > 0. Now define S : E(X) → ℓ 1 as follows:
for each f ∈ L 1 (λ, X). The operator S is linear and ||S|| ≤ 1 and it is easy to verify that lim n→∞ S(ψ n ), e n = Ω ′ γ(ω) dλ(ω) = γ > 0.
So there exists N ∈ N so that for n ≥ N, S(ψ n ), e n > γ/2 and by Proposition 1., (ψ n ) n≥N is equivalent to a complemented copy of ℓ 1 and therefore the set {f n ; n ≥ 1} is not a (V * )-set.
The proof is complete.
Let us finish by asking the following question: Let (Ω, Σ) be a measure space and Y be a Banach space. We denote by M(Ω, Y ) the space of Y -valued countably additive measures whith bounded variation endowed with the variation norm.
Question: Assume that Y = X * is a dual space. Does property (V * ) pass from Y to
M(Ω, Y )?
Note that for a non dual space, the answer is negative: Talagrand constructed in [15] a Banach lattice E that does not contain c 0 (so has property (V * ) by [14] ) but M(Ω, E)
contains c 0 (hence failing property (V * )).
